AIChE

Global Optimality Properties of Total Annualized and
Operating Cost Problems for Compressor Sequences

Jeremy A. Conner and Vasilios I. Manousiouthakis
Dept. of Chemical and Biomolecular Engineering, University of California, Los Angeles, Los Angeles, CA, 90095

DOI 10.1002/aic.14580
Published online August 27, 2014 in Wiley Online Library (wileyonlinelibrary.com)

The minimum total annualized cost problem for a series of nonisentropic compressors and coolers that brings a gas
with constant compressibility factor from a specified initial pressure and temperature to a specified final pressure and
the same temperature is studied in this work. It is established analytically that at the global optimum, the cooler outlet
temperatures are equal to the minimum allowable temperature. For constant heat capacity, constant compressibility fac-
tor gases, additional properties of the globally optimal compressor sequence are analytically established for the mini-
mum operating cost case. The aforementioned properties permit development of a solution strategy that identifies the
globally minimum operating cost. Several case studies are presented to illustrate the developed theorems and solution

strategies. © 2014 American Institute of Chemical Engineers AIChE J, 60: 4134-4149, 2014
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Introduction

According to the US Energy Information Administration
(EIA),' between 2006 and 2010, the US shale gas production
exhibited an average annual growth rate of 48%. In its 2013
Annual Energy Outlook for the 2010 to 2040 time period,’
the EIA predicts a 113% increase in the production of shale
gas, and an annual growth rate of 11.9% for natural gas con-
sumption for transportation. This increased natural gas pro-
duction, and the need for transportation of this natural gas
across the country will place increased emphasis on gas
compression systems. Combined with the increased use of
compressed natural gas and compressed hydrogen for auto-
motive transportation, and the extensive use of compression
systems in the process industries, a compelling case arises
for the optimization of compression systems.

Compressors contribute significantly to both the operating
and capital cost of processing systems in which they are used.
Since their operation often leads to a temperature increase of
the gas being compressed, which in turn affects negatively
compressor operation and increases power consumption, they
are always operated in conjunction with a cooling system.
The operating cost of each compressor is associated with its
power consumption, while its capital cost is given by a power
law expression of its power consumption.3 The operating cost
of the cooling system is proportional to the coolant flow rate,
while its capital cost is much smaller than that of the com-
pressor and is thus typically ignored. Given the large contribu-
tion of compressor energy consumption and operating costs to
the overall energy consumption and operating cost of process
plants, even small energy savings in compressor operations
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can have a significant beneficial impact. As an example, sub-
stitution of low efficiency with high efficiency compressors
can reduce power consumption by over 5%%

Minimization of total annualized cost (TAC) is a challeng-
ing problem with few global optimality results available in the
literature. Martin and Manousiouthakis,> established rigorous
optimality properties for the heat exchanger network TAC
problem. Zhou and Manousiouthakis® provided converging
upper and lower bounds to the minimum TAC problem for
reactor networks within the IDEAS framework. Motivated by
this problem formulation, Manousiouthakis et al” developed a
branch-and-bound-based method that can identify in a finite
number of steps, the global minimum of a concave power law
objective function over a system of linear constraints. Concave
power law objective functions with rational exponents can be
transformed to rationally constrained rational programs, which
Manousiouthakis and Sourlas® demonstrated how to solve
globally by first transforming them to convex, quadratically
constrained quadratic programs with an additional separable
concave constraint, and then solving using branch and bound’
or generalized benders decompositionlo’11 methods.

The behavior of compressors and coolers is captured
through models well-established in the literature.'”™"
Elrod,'® Happel,'® and Aris et al.'” presented the solution to
the steady state, work (power) minimization problem, for
two, three, and a sequence, respectively, of isentropic com-
pressors and intermediate coolers, that brings an ideal gas
from an initial temperature and pressure to a desired final
pressure and a final temperature equal to the initial tempera-
ture. The optimal works of the compressors are shown to be
equal at the optimum. Wang and Fan'® showed that the mul-
tistage, isentropic compression of ideal gas is part of a class
of so-called one-dimensional (1-D) multistage processes,
whose common characteristic is that they optimally require
equal amounts of control action in each stage.
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In this work, the minimum TAC and minimum operating
cost problems are formulated, for a sequence of compressors
and coolers that brings a gas with constant compressibility
factor from a specified initial state (Tp,Po) to a specified
final state (To,P,). Using a constant compressibility factor
other than unity is a common approach to account for gas
nonidealities. In particular, using an average compressibility
factor value between the values at (Ty,Po), and (To, P,) is
common industrial practice.19 To establish a range of varia-
tion for the compressibility factor of various gases, first
methane is considered. The compressibility factor Z for
methane varies between 0.70 and 1.05 for pressures between
0 psia (0 bar) and 3500 psia (241 bar), and temperatures
between 32°F (0°C) and 400°F (204°C).'? For hydrogen,
which is the focus of our case study, the compressibility fac-
tor at the temperatures 7=300K,7T=400K and for pressures
such that 700bar > P > lbar is such that 1.45 > 7 > 1 and
1.34 > Z > 1, respectively.”® For general gases, a popular
compressibility factor correlation that exhibits errors of 2%-—
3% for nonpolar/slightly polar gases (though larger errors for
polar/associative  gases) is the Pitzer correlation
7=7%+wZ'."? Values for the acentric factor w typically
range in the 0.1-0.7 range (methane 0.012, hydrogen
—0.216).'* Ranges for Z°(T;,P;),Z (T;,P;) can be deter-
mined from ranges for the reduced temperature and pressure
T,, P, of the considered gas from the Lee/Kesler tables'?

{ 4.00 > T, > 1.15 } { 1.0115 > Z°(T,, P;) > 0.7443
=

1.00 > P, > 0.01 0.0864 > Z'(T;, P,) > 0.0002

In turn, this implies that within the above identified
reduced temperature and pressure ranges, the compressibility
factor for most gases is between 0.70 and 1.05.

The rest of the article is structured as follows: first, ther-
modynamic and economic models for the compression of a

H(T,P)—H(T°, P°)=

S(T,P)—S(T°,P°)=

where (TR, PR) denotes a reference state where PR — 0

. oV(T, ov(T,
(ideal gas state), (T, P)2 V(TI,P) vgp)’ B(T,P)A V(Tl_’m Vgp),

Cpo(T,PRYAC,(T) > OYT € R* is the molar, constant pres-
sure PR — 0, ideal gas, heat capacity of a fluid, that is only
a function of temperature.
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TV(T,P’) (1 —ﬁ(T,P’)T)dP’+ jc,, (T’,PR)dT’+
PR 7o

PR

- J ﬁ(T",P’) V(T",P’)dP'

Po

constant compressibility factor gas are developed. Second, it
is established analytically that at the TAC problem’s global
minimum, the cooler outlet temperatures are equal to the
minimum allowable temperature. For constant heat capacity,
constant compressibility factor gases, additional properties of
the globally optimal compressor sequence are analytically
established for the minimum operating cost case. The afore-
mentioned properties permit development of analytical for-
mulas that enable the global solution of the minimum
operating cost problem. Two case studies are presented to
illustrate the developed theorems and solution strategies.
Finally, conclusions are drawn.

Conceptual Framework
Preliminaries

In this work, the minimum cost problem is considered, for
a sequence of compressors and isobaric coolers (shown in
Figure 1) that brings a gas with constant compressibility fac-
tor Z from a specified initial state (7o, Po) to a specified final
state (To, P,). The inlet and outlet temperatures for any com-
pressor in the series must be above T and below Ty, the
maximum allowable operating temperature for all compres-
sors, respectively. The following are considered to hold:

1. The compressors operate with isentropic efficiency #
€ (0,1) (i.e., not isentropically)

2. The coolant inlet and outlet temperatures are consid-
ered fixed and known for all coolers. They are defined such
that Tcﬁi,in S Tc,iﬁout S T(), i:],ﬂ.

Thermodynamic relations

Lemma.

a. The changes in molar enthalpy and molar entropy of a
real fluid from the state (7°, P°) to the state (T, P) are

9]
[utr) sy
Po ]
P T ) ® -
_ Jﬁ(T,P’)V(T,P’)dp’+ J MW'JF
PR To
(2)

b. A gas featuring a constant compressibility factor satisfies
the following

PV(T,P
Z(T,P)A (T, P) =Z=constant 3)
RT
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Figure 1. Process flowsheet for n compressors and n intermediate coolers.

BT P)=BT)= 1 k(T P)=x(P)= ]
H(T, P)~H(T°,P°)= Jc,, (7', P)ar S

To

S(T7P)—S(T°,P")=J@df ZR1n<1f> (6)

To

CP(T7P)_CV(T7P):RZ @)

c. Consider a constant compressibility factor gas compressed
through a reversible adiabatic (ideal) compressor, with inlet
and outlet temperatures and pressures Tm,Toul and Pj,, Pou,
respectively. The compressor consumes the following
amount of molar work, and satisfies the following isentropic

requirement across its inlet and outlet

Wid :RH(Tout7 Pout)R_H(Tin, Pin) —R J CPI(QT/) dT/ (8)
Tin
T ,
T
S(TOU“POU‘) S(Tin, Pin) = C;Q(T’ )dT ZIn (1;?”1)
in
Tin

€))

d. Consider a constant compressibility factor gas com-
pressed through an adiabatic (real) compressor with known
efficiency 5 € (0,1), and inlet and outlet temperatures and
pressures Ty, Toye and Piy, Poyt, respectively. The compressor
consumes the following amount of molar work, and satisfies
the following efficiency relations with the ideal compressor

Tou ,
~H(Tin, Pi c.(T)
Wr:RH(Tou“P"”‘)R H(Tlmpm) =R J Pl(a )dT (10)
Tin
= Wiq _ H(T:)ulapout) _H(TimPin) _ f;_::m Cp (T/)dT, W
YW, H(Touta Pout) _H(Tim Pin) J:I];om Cp (T/)dT;

e. The changes in molar enthalpy and molar entropy of a
constant compressibility factor gas with a temperature-
independent (constant), constant-pressure, ideal gas, heat
capacity C,(T,PR)AC,(T)=Cp=constant, from the state
(T°,P°) to the state (T, P) are

H(T,P)—H(T°,P°) _C, (T—T°) (12)
R R
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— Qo 0 0
S(T,P)—S°(T°, P°) Cpl (T>—Zln (ﬂ) (13)
R T° P°

f. Let this gas be compressed through an adiabatic ideal com-
pressor, and through an adiabatic real compressor with known
efficiency 1 € (0, 1). Let the inlet temperatures, and inlet and
outlet pressures Ty, Pin, Poy to both compressors be the same,
and let the outlet temperatures be denoted as T, ,,Tou, Tespec-
tively. Then the following relations hold

k—1
k POth o
4 =ZR——T,; -1
Wld —1 m<<Pin) >:
1.k Pou\
Wi=—ZR—Tyu| (=2) -1
T n —1 m<<Pm

k=1
1 Oul k
’ Pou) ©
Tut:Tin 7Tout m I+ —— n (15)

(14)

Proof. See Appendix.

The above thermodynamic properties are used in establishing
a monotonicity property regarding the behavior of a real
compressor.

Theorem 1. Consider the compression of a gas with con-
stant compressibility factor Z >0, by an ideal compressor
and by a real compressor with known efficiency n. Let the
gas inlet temperature Ty, the gas inlet pressure Pi,, and the
compression ratio 1;+: > 1 be the same for both compressors.
Finally, let the outlet temperatures of the ideal compressor and the
real compressor be denoted as T(’)th and Toy, respectively. Then:

1. Let the compression ratio °“‘ “>1 be known, and
T, C(

out

Tin
( "“‘) > 0. Then, there exists a function f:R" — R,

f:Tiw — T,,=f(Tin). In addition, the function f is differen-

out
tiable and monotonically increasing with derivative

df (Tin) _ Cp(Tin) f(Tin) _ Cp(Tin) T,

- U OV, > 0.
dTin Tin Cp (f(Tm)) Tiﬂ CP (Tout)

)dT be equal to the posmve constant ZR In

16)

2. Let the compression ratio 2 o >1 be known, and

Toul CP( )
Tin

( °“‘) > 0. Then the function

dT’ be equal to the posmve constant ZRIn
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AH : R" — R" AH : T\, — AH(Tjy)2H(T, P

out?

H(

T/

out

oul)

¢y (1')ar

_H(TinaPin):H(f(Tin)aPou[)_H(Tinvpin):J
Tin

is differentiable and monotonically increasing with
derivative
d(AH(Tin)) f(Tin)
T O (Thn) [ 1
dTin CP( n) Tin
T (17)
=Cp(Tin) [ 22 —~1) > OVT;, > 0.
Tin

Proof. See Appendix.

Mathematical problem formulation

The optimization problem considered, in this work, is the
minimization of an objective function that reflects the TAC
of the compressor/cooler sequence, subject to a number of
constraints that capture the behavior of the sequence units,
and the operating requirements on these units. The general
mathematical formulation of the problem is

The objective function is a finite sum of terms that reflect
the TAC associated with the compressor/cooler units. Each
term of this sum consists of three components: the ith com-
pressor’s annualized capital cost, the ith compressor’s annual
operating cost, and the ith cooler’s annual operating cost. The
capital cost of coolers is considered to be small compared to
that of compressors and is thus not incorporated in the prob-
lem formulation. The capital cost of each compressor is con-
sidered to be given by a power law expression of its power
consumption. The operating cost of the compressor is consid-
ered proportional to its power consumption, while the operat-
ing cost of the cooler is proportional to its coolant flow rate.

The first equality constraint quantifies the work consumed
by the ith real compressor, in terms of the inlet and outlet tem-
peratures of the ith real and ith ideal (isentropic) compressor,
respectively. The second equality constraint is derived based
on the isentropic requirement for an ideal compressor, and
quantifies the relationship between the inlet and outlet pres-
sures and temperatures of an ideal (isentropic) compressor. It
also states the requirement that the compressor sequence’s
overall compression ratio P” is known. The third equality con-

v="min Z{Fczg{’m (Wi - )" +Cer (W - 2) +Conerer (ilc_,‘)] straint is based on the first law of thermodynamics for the ith
cooler, equating the coolant and compressed gas heat loads in
st the ith cooler. The fourth equality constraint relates the effi-
, ” ciency of the ith real compressor to the molar enthalpy
FCo(T) o R [ G(T) changes across the ith ideal and real compressors.
W,ZR‘ dT =— ‘ dT ,i=1,n . .. . . .
) R nJ) R The first set of inequalities stipulates that the ith (ideal or
Tie T real) compressor’s inlet temperature must be below the ith
T/ (7 » ideal compressor’s outlet temperature, which must be below
Zln (_'>: P ar',i=1,n;=2 known the ith real compressor’s outlet temperature, which must be
Piy RT Py .
7, (18)  below the maximum allowable temperature. The second set
¢, () of inequalities imposes the restriction that the outlet gas tem-
o -Rj;"’TdT 4 perature of the ith cooler should be below the ith real com-
Mei ™ Coe(Teom—Tem) yi=ln pressor’s outlet temperature and above the compressor
o) sequence’s inlet and outlet temperature Tj.
LT R dr’ The first and third sets of equality constraints can be used
ni= T”Cp(T) /v’:L” to substitute for W; and 7.; in the objective function. In
W —g AT addition, the second set of equality constraints can be substi-
T ST <T < Toe < 00,i=1,m:To=Tp tuted by a single equf.ﬂity c'onitraint involving only . the
, } , known overall compression ratio 3*. Then, the above optimi-
0<Ty <T,<T;i=1,n—1;T ,=Ty .
i zation problem (18) becomes
r " 7 a " ’ T
iR (T Cy(T) iR (T Cy(T)
FCeap: PR P dT + (oper- oo P dr’ |+
compr. 171‘ JT:I R compr. P T’Ll R
n T ,
= 1Cp(T /
v TT/T/, Z n-R p( >dT
i } —1i=1 oper T R
+Cooter |
1
cooter Cp,c (Tc',oul - Tc’,in)
s.t. ) _
n (T C (T (19)
Zln (J)= J p(,)dT
o/ =i, RT
7/ d
P C(T)
ar
T R
0 < n=—— < 1,i=1,n
(T L,
dar
n, R
Ti ST, <T; < Tiax < 00,i=1,m;T ¢=T
0<To<T; <Tii=1,n—1;T,=T,
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Next, it is shown that the optimization problem (19) pos-
sesses the following optimality property, allowing for signifi-
cant reduction of dimensionality of the problem:

Theorem 2. T;,l =Ty for i=2,n at the global optimum of
(19).

Z

M
{T”T }, 1= T R

T; /
PR J G(T)
oper

Proof. See Appendix.
In light of Theorem 2, we can now replace all 7;_, terms in
our problem with Tj. Our resulting problem is

+C

cooler

S.t.
el
P " C,(T ,
ZIn (—")= J P 2dT
Py = RT
JTi CP(T)dT’
n=" K ,i=1,n
1 T’C T/ b
To R
0<Ty T <Ti <Thax <00,i=1,n

Constant heat capacity formulation

Compressor sequences use intercoolers so that compressor
exit temperatures are not allowed to rise significantly. This
suggests as a reasonable approximation, the use of a
temperature-independent, constant pressure, ideal gas heat
capacity with values equal to the average value of the
temperature-dependent, constant pressure, ideal gas heat
capacity over the temperature interval of the minimum and
maximum allowable compressor outlet temperatures.

When C, is constant (or equivalently kég—if:constant),
problem (20) becomes

n n 1 a
min AY —-w;+B —) - (wy)?
{witioy i=1 "l ;("h)
S.t.
v=y¢ o, (21)
[[owi+1—-c=0
i=1
0<w; <nD,i=1,n

" R CoeCo
where, (ngs‘lpr -n- Cp+ m) TO > 0 BAF
=
. a a P, Tinax =T
car it () (To) 20, CA(R)\" >0, paTuto
> 0, and W,‘_T —To < T =w; - To+To=Ty - (W,+1)

Theorem 3. Let D >0,C > 1,n, € (0,1]Vi=1,n. Then the
n

optimization problem (21) is feasible iff C < H (n,D+1).
i=1
Proof. See Appendix
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(20)

Operating costs only

Define the sets SHA{i=1,n: w;=n,D} (compressors oper-
ating at maximum allowable outlet temperature), SjA
{i=1,n:w;=0} (compressors mnot in wuse), and S}A
{{1, e ,n}—Sg—SS’} (compressors in use and operating
below maximum allowable outlet temperature) with cardinal-
ities Np, Ny, Ny, respectively. Then N}'An—Np—Ny. If
N}'=0, it is clear that Njj > 1, otherwise the compression
level C could not be attained. In this case, straightforward
combinatorial calculations, on which compressors belong to
S}, can be carried out to identify the global minimum with-
out any need of the optimality conditions. Thus in the Theo-

rem below, it is considered that N}" > 1.
Theorem4 Let A> 0,B=0, D>0 1< C<[I-
€ (0, 1)Vi=1,n,N}’ > 1 and consider the problem

min E — W

{“}1, n;

s.t.

, (;D+1),

n

[Iowi+1—c=0

i=1

0<w; <uD,i=l,n

Then, the optimum objective function value is

1

i
v=A. |N¥ ——

H m : H (n,D+1)
IeSy mesy,

the optimum variable values are

(22)

72—+ D

kesy Mk
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C
W= | M —1| €(0,yD)Vk € S}
H n H (’7mD+ 1)
lesy meSy)
wi=0Vi € S

wi=n,D Vj € S

and the following four conditions must be satisfied by the
global minimum

Ny N
1 1
max D+ — ,
min x; min
jesy, gl kesy Tk
<
: (]7mD+ 1)
169“ mesy,
s NY
. 1
< min D+
max 7 max 17,
icSy keSy
if Ny #OANp #0
Ny
max
mm min 1,
jesy kesy
C
< <
n H L D+1)
lesy sy
Ny
< |D+ it Ny=0AN} #0
Ikneégf U

C
T D

IS}
Y ¥
< min if Ny #0ANS=0
B max #; max Ny 07 b
i€y kesy
n
1
< | D+
min max 1
kesy e H " kes; (23)

leSy

it Ny =0 ANJ=0

Proof. See Appendix.
Theorem 4 suggests that at the global optimum all interior
compressors must be such that the ratio of the exit tempera-
ture of the corresponding isentropic compressor over the effi-
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ciency of the real
compressors.

compressor is the same for all
This conclusion arises from the fact that
1
-

1

Ty — c

Mk Tomy ke Si
H m H (n,D+1)
sy mesy,

Theorem 4 also suggests that the following compressor
efficiency-related properties must hold for the three defined
sets Sp, Sy, S

Furthermore,

Ny Ny
1 1
max D+ ,
min min
jesy, j kesy T
C
<

H’?/ H ("mD+l)

leSy meSy
Ny Ny
. 1 1
< min D+
max max
ieSy " keSy Mk

it Ny £ OANY #0

1. The maximum compressor efficiency in the set of
unused compressors has to be less than or equal to the mini-
mum compressor efficiency in the set of compressors used
below capacity.

2. The sum of the temperature defined bound D and the
inverse of the maximum compressor efficiency in the set of
compressors used below capacity has to be greater than or
equal to the inverse of the minimum compressor efficiency
in the set of compressors used below capacity.

3. The inverse of the maximum compressor efficiency in
the set of unused compressors has to be greater than or equal
to the sum of the temperature defined bound D and the
inverse of the minimum compressor efficiency in the set of
compressors used at capacity.

4. The maximum compressor efficiency in the set of com-
pressors used below capacity has to be less than or equal to
the minimum compressor efficiency in the set of compres-
sors used at capacity.

When a set’s cardinality is zero, the above criteria involving
that set should be ignored. In particular, Niy=0 implies that
criteria 1, 3 should be ignored; N;"=0 implies that criteria 1,
2, 4 should be ignored; and finally N3=0 implies that crite-
ria 3, 4 should be ignored.

The above suggest the following procedure to identify the
global minimum:

1. Rank from lowest to highest the inverses of the com-
pressor efficiencies.

2. Select a combination of cardinalities N}, N, for the
sets S}, S}’ respectively, possibly starting from zero and such
that Ny+N;” < n. If all combinations of cardinalities have
been considered, then go to step 5.

3. Consider that the N5 compressors with the highest effi-
ciencies belong to S}, the N;” compressors with the next
highest efficiencies belong to S}, and the remaining Ny =n—
Np—N}" compressors belong to Sy

DOI 10.1002/aic 4139



4. Verify that the four aforementioned compressor
efficiency-related properties of S7,Sy,S; (which are inde-
pendent of the value of C) are satisfied. If not, then
declare the combination infeasible, go to step 2 and con-
sider another cardinality N}, N} combination. If yes, then
store this combination in a feasible candidate combination
list.

5. For a given value of C, and for each combination of
cardinalities N}jj,N}" in the feasible candidate combination
list, verify that the necessary conditions of optimality (23)
are satisfied. If no, then go to the next combination of car-
dinalities Njj,N}" in the feasible candidate combination list
and repeat. If yes, then evaluate v using Eq. 22 and store it
in a candidate optimum list. Then go to the next combina-
tion of cardinalities Njj,N}” in the feasible candidate combi-
nation list and repeat until the list is exhausted.

6. Select the minimum value of v from the candidate opti-
mum list. This is the global minimum v.

Discussion

The above global optimum solution procedure requires that a
number of cases be considered depending on the three cardinal-
ities Ny',Njy,Ni', which must also satisfy Ny +Np+N;'=n.
Thus the number of cases that must be considered grows at
most quadratically with the number of compressors n. For each
of these cases, the efficiency-related optimality criteria of Theo-
rem 4 significantly reduce the number of alternatives that need
to be considered. The above facts make the solution procedure
effective, even for large numbers of compressors.

Theorem 4 and the solution procedure discussed in the pre-
vious section simplify greatly for the case of compressors of
equal efficiency, that is, for the case n,=nVi=1,n. Then The-
orem 4 implies that the optimum objective function value is

1
Ny

y=A. |-L LN“ -1
n (nD+1)"p

the optimal variable values are

+N) D,

a1
v
NI

c
~1| € (0,D) Vk € SV

(nD+1)">

wi=0Yi € Sy
wi=n;DVj € Sp

and the necessary Optlmahty conditions for ]\/}/L > 1 become
- W 1 # N #
n TINr (HD I)NL n 0 P

1

Ny c
D+ — =————— —if Ny=0AN} #0
( 17) ;/IN;‘ (1’]D+1)ND 0 D 7&

G

1 n C 1 n ,

N C : w w
) :WlfNO #OAND:O

n n

It becomes obvious from the above that for the case of
equal efficiency compressors, and when N;” > 1, then the
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Table 1. Parameters for Both Case Studies

Parameter (Units) Value Parameter (Units) Value
To(K) 298 Po(kPa) 101.325
Tinax (K) 405 Cp(J/mol - K) 28.85
D= Trioffo 0.3591 Z 1

case Ny # 0AN} # 0 is impossible. Also that, at the opti-
mum, all used compressors whose outlet temperature is
below the maximum operating temperature must have equal
power consumption and equal exit temperature.

Case Studies

We now present two case studies involving compression
of a gas with compressibility factor equal to one, from the
initial state (T, Po)=(298K, 101.325kPa) to the final state
(T, Py)=(Ty,P,)=(298K,P,), where P, varies. In both
cases, the parameters shown in Table 1 are fixed.

The first case study considers compressors of equal effi-
ciency, and examines how the globally minimum operating
cost value changes with the number of available compressors
and with varying final pressures P,. In this case, the total
number of available compressors to be studied will be one,
two, and three.

The second case study considers compressors of unequal
efficiencies, and examines how the globally minimum oper-
ating cost value changes with the final pressure P,. In this
case, the total number of available compressors to be studied
is always four. However, the optimal sequence may not nec-
essarily use all of them.

Both case studies are solved using the solution procedure
suggested following Theorem 4 in the previous section.

Case Study 1: Operating cost minimization, compressors
with equal efficiencies

For this case study, we consider compressors with the
same efficiency #=1. Figures 2 and 3 illustrate the objective
function values for one, two, and three compressors of equal
efficiencies in series. Figure 3 is a magnification of region 1
to emphasize the differences in the objective function values
for each of the compressor systems considered. For all
desired outlet pressures in which one compressor is feasible
(region 1), and those in which two compressors are feasible
(regions 1 and 2), the objective value corresponding to the
three equal compressors is the lowest. This is in agreement
with Theorem 4, which suggests that when N}’ > 1, then all
compressors operating below the maximum operating tem-
perature must be equal, and that it is impossible to have
Ny #O0ANS #0.

Case Study 2: Operating cost minimization, compressors
with unequal efficiencies

For this case, we considered a system using four compres-
sors of unequal efficiencies (n;=1,17,=0.9,1n;=0.8,
and 1,=0.7) to explore how the global optimum prioritizes
their use. Figure 4 illustrates the globally optimal objective
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function values and temperature ratios {w;}r_, for this sys-
tem identified via the solution method from Theorem 4. Ver-
tical lines identify pressure ratios at which either one
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compressor begins to be used, or when one compressor
reaches capacity; that is, when the cardinalities N}, Ny, N}’
of the global optimum change. Table 2 depicts how much
energy savings is achieved by switching from a system using
all four compressors with equal duties to the identified glob-
ally optimal configuration.

From Figure 4, we can see that this collection of compres-
sors in series can deliver compressed gas at pressures up to
40 times the initial pressure Py. As the pressure ratio
increases, the global optimum begins using the compressor
with the highest efficiency (n;=1) first, with the other com-
pressors following in descending order of efficiency.

For a given pressure ratio, both the temperature ratios and
slopes of the temperature ratio curves decrease with decreas-
ing efficiency. These results are in line with intuition: given
a set of compressors of varying efficiencies, it is best to allo-
cate the bulk of the necessary work to the most efficient
compressor, saving the other compressors for higher work
demands. However, the number of compressors to be used at
each pressure ratio is not straightforward to identify. It is
also important to emphasize that, unlike the equal efficiency
case, there are pressure ratio ranges for which it is not opti-
mal to use all available compressors. As can be seen in Fig-
ure 4, below a pressure ratio of about 10, it is not optimum
to use all four available compressors. In fact, below a value
of 3.3, it is optimal to use only two compressors, and below
a value of 1.4, it is optimal to use only one compressor. This
behavior is completely different from the equal efficiency
compressor case, where for all pressure ratios it is optimum
to use all available compressors.

It is also important to emphasize that the energy savings
that stem from using the optimal compressor sequence over
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Table 2. Energy Savings from Use of Optimal Compressors
over Equal Outlet Temperature Compressors

Pn /PO Wlol,eq (J/m()l) Wlal‘npl (J/m()l) Wsavings(%)
1.00 0 0 N/A
1.25 655 571 12.868
1.50 1198 1065 11.105
2.00 2064 1879 8.988
3.00 3334 3084 7.513
4.00 4252 3979 6.416
5.00 4979 4691 5.770
6.00 5580 5285 5.295
7.00 6095 5795 4.928
8.00 6545 6243 4.626

10.00 7307 7009 4.077
12.00 7943 7653 3.651
14.00 8485 8207 3.273
16.00 8959 8694 2.956
18.00 9382 9132 2.662
20.00 9758 9529 2.341
22.00 10,107 9894 2.110
24.00 10,428 10,232 1.881
26.00 10,723 10,546 1.654
28.00 10,997 10,840 1.430
30.00 11,253 11,118 1.194
32.00 11,497 11,384 0.984
34.00 11,725 11,638 0.745
36.00 11,941 11,881 0.501
38.00 12,146 12,115 0.254

40.00 12,341 12,341 0.006

a conventional design, such as a compressor sequence where
all compressor outlet temperatures are equal, are not insignif-
icant, especially for small pressure ratios for a given number
of compressors. Table 2 below summarizes these savings,
which can be as high as 12.868%.

Conclusions

In this work, we studied both the TAC and the mini-
mum operating cost problems for a system of compressors
and coolers in series bringing a gas with constant com-
pressibility factor from a specified initial state (To,Py) to
a specified final state (To,P,). We established analytically
that at the global optimum of the general TAC problem,
the cooler outlet temperatures are equal to the minimum
allowable temperature. For constant heat capacity, con-
stant compressibility factor gases, additional properties of
the globally optimal compressor sequence are analytically
established for the minimum operating cost case. The
aforementioned properties permitted development of an
analytical solution methodology that can identify the glob-
ally minimum operating cost for any number of compres-
sors of possibly different efficiencies. Two case studies
are presented to illustrate the developed theorems and
solution strategies. It is shown that the globally minimum
cost for sequences of compressors with unequal efficien-
cies may correspond to a sequence that does not use all
available compressors. Energy savings of up to 12.868%
are identified over conventional designs.
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Notation

Greek letters

B = volume expansivity (1/K)

n; = efficiency of compressor i

« = isothermal compressibility (1/kPa)
v = objective function value

Letters
i i oper. . = 0Cy
A = operating cost coefficient; AL | CHL. -n-Cp+ W
To($) e (Teou—Tein

B = capital cost coefficient; BAFCS®: 7 - (C,)“(To)"($)

compr.

R
modified pressure ratio; CA %"p) (C")

C=

C,, = constant-pressure molar heat Sapacity of gas (J/mol - K)

Cp.c = constant-pressure molar heat capacity of coolant (J/mol - K)
C, = constant-volume molar heat capacity of gas (J/mol - K)
Coohpr. = capital cost coefficient of compression ($/ (W)*)
Cobr. = operating cost coefficient of compression ($/J)
Pl = operating cost coefficient of cooling ($/mol)
= maximum normalized compressor outlet temperature;
DA M

F = annualization factor (1/s)

H = molar enthalpy of fluid stream (J)
7 = molar flow rate of gas stream (mol/s)

7i.; = molar flow rate of coolant stream through cooler i (mol/s)

Py = inlet pressure of gas stream to compressor/cooler system (kPa)
P; = outlet pressure of gas stream from compressor i (kPa)

P, = outlet pressure of gas stream from compressor/cooler system

(kPa)

R = universal gas constant (J/mol - K)
S = molar entropy of fluid stream (J/K)

Ty = inlet temperature of gas stream to compressor/cooler system

(K)
Tc;in = inlet temperature of coolant to cooler i (K)
T, ou = outlet temperature of coolant from cooler i (K)
; = outlet temperature of gas stream from compressor i (K)
= outlet temperature of gas stream from cooler i—1 to compres-
sor i (K)
T. = outlet temperature of gas stream from hypothetical isentropic
compressor i (K)
Tmax = maximum allowable operating temperature for all compressors

(K)

T, = outlet temperature of gas stream from compressor/cooler sys-
tem (K) .

w; = normalized ideal compressor outlet temperature;w; A ’TJO

W; = work done by compressor i (J/mol)

W' = work done by a hypothetical isentropic compressor (J/mol)

Z = compressibility factor
Subscripts

id = ideal (isentropic) compressor
in = inlet stream to process unit
out = outlet stream to process unit

r = real compressor

Superscripts

i = ideal (isentropic) compressor case
o = initial state of fluid stream
R = reference state of fluid stream

Literature Cited

1. Annual Energy Outlook 2011 Reference Case. U.S. Department of
Energy, U.S. Energy Information Administration, Office of

December 2014 Vol. 60, No. 12 AIChE Journal



10.

11.

12.

13.

14.

. Manousiouthakis V, Sourlas D.

Integrated and International Energy Analysis, Washington, DC,
u.S., 2011.

. Annual Energy Outlook 2013 with Projections to 2040. U.S. Depart-

ment of Energy, U.S. Energy Information Administration, Office of
Integrated and International Energy Analysis, Washington, 2013;
http://www.eia.gov/forecasts/aeo/pdf/0383(2013).pdf. Accessed on
June 24, 2014.

. Peters MS, Timmerhaus KD, West RE. Plant Design and Econom-

ics for Chemical Engineers, 5th ed. New York: McGraw-Hill,
2003.

. Kaya D, Phelan P, Chau D, Ibrahim Sarac H. Energy conserva-

tion in compressed-air systems. Int J Energy Res. 2002;26(9):
837-849.

. Martin LL, Manousiouthakis VI. Total annualized cost optimality

properties of state space models for mass and heat exchanger net-
works. Chem Eng Sci. 2001;56(20):5835-5851.

. Zhou W, Manousiouthakis VI. Global capital/total annualized cost

minimization of homogeneous and isothermal reactor networks. Ind
Eng Chem Res. 2008;47(10):3771-3782.

. Manousiouthakis VI, Thomas N, Justanieah AM. On a finite branch

and bound algorithm for the global minimization of a concave
power law over a polytope. J Optim Theory Appl. 2011;151(1):
121-134.

(1992) A global optimization
approach to rationally constrained rational programming. Chem Eng
Commun. 1992;115(1):127-147.

. Falk JE, Soland RM. An algorithm for separable nonconvex pro-

gramming problems. Manage Sci. 1969;15:550-569.

Geoffrion AM. Generalized benders decomposition. J Optim Theory
Appl. 1972;10(4):237-260.

Bagajewicz MJ, Manousiouthakis V. On the generalized benders
decomposition. Comput Chem Eng. 1991;15(10):691-700.

Smith JM, Van Ness HC, Abbott MM. Introduction to Chemical
Engineering Thermodynamics, 7th ed. New York: McGraw-Hill;
2005: pp. 127, 199-208, 273-280.

Happel J, Chemical Process Economics, chapter 3. New York:
Wiley, 1958.

Edgar TF, Himmelblau DM. Optimization of Chemical Processes.
New York: McGraw-Hill, 1988.

AIChE Journal

15.

18.

19.

20.

Seider WD, Seader JD, Lewin DR. Process Design Principles:
Synthesis, Analysis, and Evaluation. Wiley: New York, NY,
1999.

. Elrod HG Jr, Minimum work in multistage compression, Ind Eng

Chem. 1945;37(8):789-790.

. Aris R, Bellman R, Kalaba R, Some optimization problems in

chemical engineering, Chem Eng Prog Symp Ser. 1960;56(31):95—
102.

Wang C-S, Fan L-T, Optimization of one-dimensional multistage lin-
ear processes, Appl Sci Res, Sect B. 1965;11:321-334.

Engineering Data Book, Gas Processors Suppliers Association,
Tulsa, OK, 2006.

Linstrom PJ, Mallard WG, Eds., NIST Chemistry WebBook, NIST
Standard Reference Database Number 69, National Institute of
Standards and Technology, Gaithersburg, MD, http://webbook.nist.-
gov. Accessed on June 24, 2014.

APPENDIX

Proof of Lemma.

a. The changes in molar enthalpy and molar entropy of a
real fluid from the state (7°,P°) to the state (T,P) are
derived from the exact differentials of molar enthalpy and
molar entropy in (T, P) space'?

dH=C,(T,P)dT+V(T,P)(1—B(T,P)T)dP

T,P
as= TP r—pr pyvir.pyap
V(TP V(TP
where (T, P) 2 yip, ;()T ), K(T,P)A =55 (E)P )

Consider the reference state (TR, PR) where PR — 0. Since
H, S are state functions, it then holds

[H(T,P)—H(T,P?)]+[H(T,P?)—H(TR, PR)|+
[H(TR, PR)—H(T°, PR)|+[H(T°,PR)—H(T°, P°)]

H(T,P)—H(T°,P°)=

P

PR
H(T7P)—H(TO,PO): R
T

To

H(T7P)_H(T0aPO):
PR

Po

December 2014 Vol. 60, No. 12

JV(T,P’) (1—ﬁ<T,P’)T)dP’+ J.Cp (T’,PR)dT’+

PR

Po

+ Jcp (T’,PR)dT’+ JV(TO,P’) (1—ﬁ(T°,P’)T°)dP’

TV(T,P’) (1 —ﬁ(T,P’)T)dP’+ ]Cp (T’,PR)dT’+
PR To

_ + JV(T",P’) (1—/3(T°, P’)T°)dP’
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[ [S(T,
S(T, P) —S(T", P°) =

S(T,P)—S(T°,P°)=

\
E%"U

S(T,P)—S(T°,P°)=

b. Equation 3 holds by assumption of constant compressibil-
ity factor. The proof for Eqs. 4-6 is straightforward. To
establish Eq. 7, we proceed as follows:

The constant-pressure and constant-volume heat capacities
are related as follows

Co(T,P)—C\(T,P)—

For a gas with a constant compressibility factor Z, by Eq. 4
it holds:

B(T,P)=p(T)=+,k(T,P)=k(P)= 4. Then, the above rela-
tion becomes

PV 7R
Co(T,P)—Cy(T,P)— —=0 <= C,(T,P)—C,(T,P)=RZ.

T

c. The inlet and outlet molar entropies of a reversible adia-
batic (ideal) compressor of a gas featuring a constant com-
pressibility factor are equal to one another. Thus,
considering the ideal compressor s inlet and outlet tempera-
tures and pressures to be T; T  and Pin, Poy, respectively,

m»y £ out
Eq. 6 yields the following
P
dT'=Z1n [ =2
(P in

An energy balance for the ideal compressor, combined with
1ts adiabatic nature yields:

(TOU[,POM) —H(Tin, Pin). By Eq. 5, it then holds
Wia=R fTuul CP( ) dr’.
d. An energy balance for the real compressor, combined
with its adiabatic nature yields:
W H(Toutapout) H(TimPin)'
W, Rf o )dT
By the deﬁmtlon of compressor efficiency, it holds: n= “‘

/
out

S(Tom, Pom) S(Tin, Pin) <= J

Tin

G(T)

RT

By Eq. 5, it then holds

4144 DOI 10.1002/aic

P)—=S(T, PR)]+[S(T, PR)—S(TR, PR)]+
_[S(TRvPR)_S(TL)vPR)}+[S(T07PR)_S(T07Po)} i

PR

7& Jﬁ(T",P’)V(T",P’)dP’

Po

ﬁ(T, P')V(T, P’)dP’+ T Mﬂ/+

PR

- J ﬁ(T°,P’)V(T°,P’)dP’

Po
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To

Then, the work equations developed in part (c) and in the
earlier part of (d) yield:

’

T,

, out C (T/>dT/
n= H<T0ut7P0ut) _H(TimPin) _ ,[Tm P
H(Toutypout) _H(Tim Pin) JTM Cp (T/>dT/
Tin

e. Straightforward.

f. Consider a constant compressibility factor gas with a
temperature-independent (constant), constant-pressure, ideal
gas, heat capacity C,(T,PR)AC,(T)=C,=constant. Let this
gas be compressed through an adiabatic ideal compressor, and
through an adiabatic real compressor with known efficiency
n € (0,1). Let the inlet temperatures, and inlet and outlet pres-
sures Tin, Pin, Poyr to both compressors be the same, and let
the outlet temperatures be denoted as T, ,.Toy, respectively.

out’

Combining Egs. 7 and 8, and the fact that C,,=constant yields

7{)\1(
Wia= J Cpdl’
Tin C,=constant
<
Toy
P C /
ZRIn (=22 ) = J —Par
Pin T
Wig=Cp (Tou=Tin)
Cp—Cy=RZ
<
Pout T c
ZR1 =Cpln [ 2 kAg:
t (P in Tin ‘
Wia=Cp (Toy—Tin)
k—1

()
k Pin Tin
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The work of the real compressor and its outlet temperature
then become

k-1
Wia 1 k Pou\ ©
Wr: id _ —ZR—Tm ( oul> -1
noono k=l Pin

Proof of Theorem 1.
1. The compression ratio °“‘ >1 is known. Let
Cp: R" =R, Cp T—>C( )/\C (T,P°) > 0YT € R™.

Then, Eq. 8 implies f”“‘ . )dT' =ZR ln( °“‘) > 0. Since

Cp(T) > OVT € [Tm,Tom]ATin >0, it then  holds
G > OVT € [Tin, T, | Then, since Z >0 and e > 1, it

m» £ out

7. Co

7
holds 0 < ZR In () = o« 2} %) g1’ = T, > Tiy. Consider

out

out,a? * out,h

now, for any arbitrary but fixed Tj, > 0, that 3(7"' T )

. T

out,a

> T

out,,

p > TunZRIn (f)= froma &) g = ITW

jTo‘unh Cp(TJ)dT J‘Touluc( )dT -0 = Joulh

uul a

C( <) 47 Then

cp(r)
, A LSOVT >0
—Cpg)dT’:o "= T

out,a

:T:)m,b. This is a contradic-
tion. Therefore, each Tj, maps to a unique corresponding
T;m. In turn, this implies that there exists a function

f : §R+ - §R+ af Tin — Tout f(Tm)
established

It was above  that fTTi:‘" Cpg,T)dT =

AL &) ' —7r ln( ) > OVT, >0 establishes the

existence of a function f: R = R* f: T — TOul =f(Ty)-
Then

() C (T')
d(Jm C"f)‘”) a(zrm (3))

dTi, dT;,
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f(ma<@)
T /
=0Ty, > 0= J ———2dT

0T,

Tin
n Co(f(Tin)) df (Tin) _ Cp(Tin) dTin
f(Tin) dTi, Ty dTi

=0Ty, > 0=
df (Tin) _ Cp(Tin)  f(Tin)
dTin Tin  Cp(f(Tin))
Tin
~Tn)_Tox - gur,, > 0.0EA
Ti" CP (Tout)

2. In part (1) of Theorem 1, it was shown that the

relation f out CF( )dT =ZR ln( °"‘> > ( establishes the exis-

tence of a functlon fiRT =R f T — T,,=f(Tw) with
o : df( m) — (Tin) f(Tin) — ( in) T;m A
derivative "Tm G = "Tin G > 0VT;, > 0.

Then, the function AH :R" — R* AH : Ty, — AH(Ty,)2

[T y(T') dr' = [T ¢, (T')dT’ is differentiable VT, > 0,
with derivative

f(Tin)
([
d(AH(Tin)) _ Tin

dTiﬂ dTin N 8Tm
Tin
df(Tin) dTin
+ - _c (T Hin
CP(f(Tm)) dTin Cp(Tm) dT‘m
df Tin
=Gyt ra) L0 —c 7,
: Co(Tin) f(Tin)
=C Tin P
p(f(Tin)) T Co((Tw))
f(T;
—Cp(Tin) =Cp( m)( (Tin) 1)
=Cp(Tin) (%—1)%“ >0
(24)
Based on the above, % >0 <= Cp(Tin) (TT" _ ) >
Cp(Tin)>0VTin >0
0 =
T

2 —1> 0 <= T,, > T, which is true by the proof of (1).
Thus AH is a monotonically increasing function of Tj,.

O.E.A.

Proof of Theorem 2. The sequential nature of a com-
pressor/cooler sequence allows an embedded representa-
tion of the considered optimization problem. In the
interior optimization problem, all temperatures can be
considered fixed, but unknown, at arbitrary (feasible) val-
ues, except for T,;_I,T,:,Tk, which are the interior optimi-
zation problem’s variables. Then problem (19) can be
rewritten as
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TH a T,H
4 . [ Co(T) . iR [ C(T)
FCSe- P T 4 coper P T
; Ccompr. ; J R d Ccompr. n R d
ik T, T,
T (T
, iR "é ) ar
”
LD Dt PR
; Cp‘c (Tc‘ou[ - Tc.in)
. itk k—1
v=min
TZ/ ) a T[ ) T
1R Co(T , 1-R Cy(T ,
rea |28 [ G0 | vp, |28 [ G gy
M R P m R
T‘,’l Tk,—l
+ m/inTﬂ
T Ty Ty T / Tier C T/ /
r'z-RJA CP(T)dT’ ,',.RJ LdT
+C0per. T/k R +Coper. T;,l R
cooler Cp,c (Tc,out _Tc,in) cooler Cp‘c (Tcout _Tc,in) (Al)
s.t.
zin (Br) J CP(T,)dT’JrZ o II (1) g
"2, RT _ ) RT
T 7k
T (T) T (T)
0 < y= " K < 1,0 < p= "L K < li=1,mi#k
Cmoe(r) T T () T
dar dar
r., R r, R
T//(,l S TZ S Tk S Tmax
To<Ty<Tp,To<Ty_y < Ty
T ST, <T; < Tmax < 00,i=1,m;i #k,To=To
0<Ty<T <Tii=l,n—1;i #k,k—1,T ,=Tp
The inner level of the above embedded optimization problem can then be stated as follows
- " a " 7
TGl PGl
ca| ‘R CP ! oper n-R P T !
Fcco?ﬁpr. " J R ar +chmi‘:r. "—k J R ar
T*’*' Tltfl
min . ,
s T, / L—
T, | T r'z~RJk CP(T)dT’ nRJf 1Cp1(eT)dT,
+ C‘?Pe‘l'- T’y R + C(?Pei’- Ty
cooter Cpﬁc (Tc,oul - Tan) cooter Cp,c (Tc,oul _Tc.in)
s.t.
T T , (A2)
P, o C(T) c,(T)
0< |ZIn ——ZJ "(,)dT = "(,)dT
Po) = RT RT
ik T, Ty
Ty (T)
0< =i X <1
Wy LT
dar
Jr., R

Tl/\'*l S T],: S Tk S Tmax
To<Ty<Ti,To< T <Thy
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However

Yo r) 1  c (') Yo,y o) e () ., 1 e () e ()
p / p / p / p / p / p / p /
dl =— | ——=dl = | ——~dT' = | ———=dT + dl = — dar + dar .
A A el b sl B AN B il ;
TA,—l TA,—l T TA,—l T TA,—I Ty
The objective function of problem (A1) then becomes
" ; a " /
iR (T Cp(T) iR (T Cp(T)
reat (8] O ) wcp, ([ G ) 4
Nk T, R Mk TA,—I R
1 o (1) e (1)
i R|— J L 2dr'+ J L 2dr (1)
) R , K i ~RJ p ) ar
— T T,
4 oPer k=1 3 4 oPer -1
cooler Cp,c (Tc,out - Tan) cooler Cp,c (Tc,out - Tcﬁin)
, a " T T /
. t c.(T oper. . T c(T n ~RJ Cpl(e )dT
_FC%& . n-R J P( )dT’ ng::nr . Ccooler n-R P( )dT +C0Pef . Ty
P » R P Cp‘c (Tc,out _Tc,in) Nk ; oot Cp,c (Tc,out _chin)

k—1

Since T’k, Tr—1 are considered fixed but unknown, the optimization problem (A1) can be rewritten as

T,
ﬁ-RJ“C ()
oper. TA R

cooler
Cp,c (Tc,out - Tc,in)

ar’ .
n-R

N
Nk

k
TJ

k=1

FCea-

compr.

C

+ mln

T T, T,

R

()

a

dr' <

CoPer

cooler

_ Coonter _|2:R
Cp,c (Tc,out - Tc,in)

Nk

corer-

compr

)

To<T<Tp,To<T, | <Tiy

7
0<[ZIn (ﬁ—;) —Z fT{ ]
i=1 "

and part (2) of Theorefn 1 suggest that

G (1)

The constraint

Iyt ar

/

k—

T, G(T') ")
L ~w
Slnce the objective function is a positive-weighted combination

fJ~T Cp(T’)

1

dT’ is a monotonically increasing function of T,_,.

dT’ and its ath power, its global optimum occurs at

the minimum possible value of kal. Examination of the prob-
lem’s constraints suggests that this value is T. Thus, at the global
optimum it holds T,’(_1 =Ty. Repeating this process for all com-
pressors establishes the theorem’s claim. O.E.A.
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Proof of Theorem 3. (<)Let C <[], (5;D+1). Define
wib¢nD,Vi=1,n, where ¢ €[0,1] is such that
C=]1/_, (¢n;D+1). Such a ¢ € [0, 1] exists, since the func-

tion ¢:[0,1] =R, g: ¢ — g(P)AC—][i, (pnD+1) s
continuous on [0, 1], and has values
2(0)AC—1 > 0ng(1)AC—T], (y;D+1) < 0. Then, the

variable vector {w;}|2{¢n,D}|, where ¢ €[0,1] is such
that C=[]"_, (¢n;D+1), is a feasible point for v.

(=) Let v be feasible. For any feasible variable
vector {w;}], it holds {[[L; (w;+1)=C=0A0 <w;
<nD, i=l,n} = 1<I[, (wi+1) = C <[, (nD+1).
O.E.A.
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Proof of Theorem 4. It is easy to establish that the above
optimization problem’s feasible region (which is nonempty)
is closed, and bounded, that its objective function and con-
straint defining functions are all differentiable throughout the
feasible region, and that all its feasible points are regular.

Then the problem’s optimum exists and the following first-
order necessary optimality Conditions are defined based on
the Lagrangian L(w, Z, u,v) A3 " 1,1 wi+i- (T2, (wit1)

=C) +Y 0 i (mwi) > vi - (wi—n;D). They are

The associated objective function value is

4148 DOI 10.1002/aic
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OL J 1 i
—(W’ Aol ) =—+1- (Wit 1)—w+v=0Vk=1,n
owy, e P
i#k wi+1>1Vk=1,n
<~
H wi+1)=C=0,0 < w; <y, DVi=1,n
w; > 0vi=1,n,v; > 0Vi=1,n, uyw;=0Vi=1,n,v;(w;—n,D)=0Vi=1,n,
1
(wk+1)+) C=0Vk e S}
I . ,
+4-C=0Vie S}
n;
(—+Vj> D+1)+A C= OVJGSM —
[ =mc]] m.p+1)-C=0
I€Sy mesy,
0 <wy <mDVk €Sy
w; > 0Vie Sy, v >0VjeSy
1
N
C ,
0 <wr=mn,; -1 <yDVk €S}
I II o+1)
leSy meSy
1
N;"
1 C :
M':’?__ >0VieS,
i
H 771 H (an+1)
lesy meSy
1
N
C 1 1
V= _—ZOVJESZ;
' (mD+1)
H"’[ H (’7mD+1)
leSY mesy,
W
—1 C
= — <0
oG
H m H ("mD+ l)
ISy mesy
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_ N -
N
c 1
v=A- N} ~> —+Np-D
kesy Mk
[In]){ IT (1)
I€Sy mesy,
The above necessary optimality conditions then imply
C ,
Wi= |1 —1| € (0,mD)Vk € S}
(1) (1001
ISy mesy, A
w=0Vi € S

1\ c N\
— + — w
(Wk) - - <D '1k> vk e =
H my - H (an+1)
€Sy meSy,
Ny
(1) > ¢ Vie Sy
Ul
H n- H (an+ 1)
lesy meSy
c K
> <D+ —) vj €Sy
J
H n - H (anJ'_ l)
IS} mesy

meS)
Ny Ny
1 1 C
max D+ — , - < <
min; min 17
J<S kS 11| | IT (p+1)
leSy mesy,
Ny Ny
. 1 1 .
< min , | D+ ifNy # OAN); # 0
max1j; max 77
ieSy kesy

The remaining conditions are straightforward to establish.O.E.A.
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